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Abstract
There have been a number of papers proposing that the light speed of
a homogeneous and isotropic universe is variable. This paper outlines
a simple way that the vectors and tensors of special relativity can
be extended to allow such a variable light speed and show how the
field equation of general relativity can also be extended with particular
application to such a universe.
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1 Introduction
intro
There have been a number of attempts in the literature to investigate
a variable speed of light. Those mostly tried to find a new cosmology
to provide alternatives to inflation in the “standard” Friedman-Lemaitre-
Robertson-Walker (FLRW) cosmology[1][2] to resolve horizon and flatness
problems[3][4][5][6]. I have not tried to impose a variable rate in order to
achieve any goal, but have attempted to extend relativity with a minimum of
changes in order to accommodate the possibility of any variable light speed
in a homogeneous and isotropic universe. G F R Ellis and J-P Uzan[7] have
made an elegant description of what is required of a variable light speed. I
believe the present paper is consistent with their requirements if we assume,
in keeping with an aim for simplicity, that the three different “light” speeds
they identify are all the same c(t).
The aim of the present paper is to outline a way that not only Lorentz,
but all of special (SR) and general relativity (GR) can be extended to al-
low such a variable light speed. The extended Lorentz transform for local
coordinates is derived from the basic assumption of relativity that the light
speed c is the same for all moving observers at the same space-time point
even though the light speed and their relative velocity V may vary. To form
SR vectors and tensors we use a differential construct dTˆ = cdT from physi-
cal time T [6] and a dimensionless velocity Vˆ = V/c. In addition we propose
that the rest mass of a particle varies so as to keep its rest energy constant.
This seems reasonable inorder to eliminate the need for an external source
or sink of energy for the rest mass. These assumptions simplify the con-
struction of SR vectors and conserves the stress-energy tensor of an ideal
fluid. For GR, we propose the standard GR action S, but use the extended
stress-energy tensor and allow the gravitational constant G to vary with c.
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The variable light speed is introduced in the line element that determines
the space-time curvature.
We will use the notation t for time when the light speed is c(t), as it must
be for a uniform and isotropic universe if it is to be variable. Then tˆ can be
a transform from t: tˆ =
∫
c(t)dt. The GR curvature tensor is derived from
a line element that typically has the time t appearing in the combination of
c(t)dt that would require the tensor to contain the derivatives of c. The use
of tˆ instead of t eliminates these derivatives without changing the relations of
the components of the tensors, and also allows all the relations of curvelinear
coordinates used for constant c = 1 to be retained. Then, from a solution
with tˆ the observable physical t can be found with a transform from tˆ to t.
2 The extended Lorentz transform and Minkowski
metric
LT
Let us consider two physical frames moving with respect to each other.
The first frame (S) will have clocks and rulers whose readings we will rep-
resent by T and x. The second frame (S∗) will move in the x direction at
a velocity of V = (∂x/∂T )x∗ as measured by T and x and will have clocks
and rulers whose coordinates we will represent by T ∗ and x∗. The velocity
of the first frame will be V ∗ as measured by T ∗ and x∗. We assume that the
light speed, even though variable, is the same as measured on both frames
at the same space-time point. We also allow V to be variable.
In order for S to measure the small separation of points ∆x∗ on S∗, S∗
sends two simultaneous (∆T ∗ = 0) signals as measured on its clocks, one
at the beginning of ∆x∗ and the other at the end. S measures the space
between the signals as ∆x, but does not see these signals as simultaneous.
The far end signal is delayed by ∆T over the near end signal for this reason.
S measures ∆x∗ to be the distance ∆x reduced by the distance that S∗ has
traveled in the time ∆T after S’s simultaneity (∆T = 0) with the near end,
i.e., ∆x − V∆T . Since we are looking for linear relationships, we assume
that the S∗ measure of ∆x∗ is proportional to the S measure:
∆x∗ = α(∆x− V∆T ) lt2 (1)
where we have allowed α and V to be varying, but approach a constant value
for small ∆ ’s. We also assume that for the two Cartesian directions ∆y and
∆z perpendicular to the motion along x that the S∗ and S coordinates are
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the same
∆y = ∆y∗,∆z = ∆z∗ lt1 (2)
and that the time T does not depend on y or z. α will be determined from
the assumption that the light speed is the same on all moving frames. We
will adapt the analysis of Bergmann[8, pp33-36] to a variable light speed.
Choosing the point of origin so that ∆T and ∆T ∗ vanish when ∆x and ∆x∗
vanish, we expect that ∆T ∗ will be a linear function of ∆T and ∆x:
∆T ∗ = γ∆T + ζ∆x (3)
where α, γ, and ζ are slowly varying functions that approach a constant for
small ∆’s. We will now determine their values.
We assume that the light speed can be variable, but in small intervals of
time and distance it will be almost constant. It will have the same values in
S∗ as in S at the same space-time point. For light moving in an arbitrary
direction, each measures the light speed c as the change in distance divided
by the change in time of its own coordinates:
∆x2 +∆y2 +∆z2 = c2∆T 2, lt3’ (4)
∆x∗2 +∆y∗2 +∆z∗2 = c2∆T ∗2, lt3 (5)
where we have chosen an origin where all the ∆’s vanish. By using Eqs 2
and 1 in Eq 5, we can eliminate the starred items to get
α2(∆x− V∆T )2 +∆y2 +∆z2 = c2(γ∆T + ζ∆x)2. (6)
We can rearrange the terms to obtain
(α2−c2ζ2)∆x2−2(V α2+c2γζ)∆x∆T+∆y2+∆z2 = (c2γ2−V 2α2)∆T 2. (7)
If we compare this to eq 4 we get
c2γ2 − V 2α2 = c2 (8)
α2 − c2ζ2 = 1 (9)
V α2 + c2γζ = 0 (10)
We can solve these three equations for the three unknowns α, γ, and ζ:
γ2 =
1
1− V 2/c2 (11)
ζ =
1− γ2
γV
= −γV
c2
(12)
α2 = −c
2γζ
V
= γ2 (13)
4
Thus in the differential limit of ∆′s going to zero, we write them as
differentials, so the relation of differentials becomes
dT ∗ = γ(dT − V dx/c2), lt (14)
dx∗ = γ(dx− V dT ), (15)
By inverting this we get
dT = γ(dT ∗ + V dx∗/c2), SR (16)
dx = γ(dx∗ + V dT ∗). sr’ (17)
so V ∗ = −V as you would expect.
This is the same as for a constant c, except here c has been allowed to
vary.
We define a line element ds by the relation
ds2 ≡ c2dT 2 − dx2 − dy2 − dz2 m1 (18)
If we substitute eqs 2, 16 and 17 into eq 18, the form is the same:
ds2 = c2dT ∗2 − dx∗2 − dy∗2 − dz∗2 m2 (19)
That is, the extended world line is invariant in form to changes in coordinates
on frames moving at different velocities. The line element is symmetric in
the spatial coordinates, so it is valid for motion in any direction. In polar
coordinates this becomes
ds2 = c2dT 2 − dR2 −R2dθ2 −R2sin2θdφ2 sr3’ (20)
This is the Minkowski line element (Mˆ ) extended to allow for a variable
light speed.
Notice that if we divide eqs 18 and 19 by c2 the two equations still have
identical forms, so that the differential time dτ ≡ ds/c is also invariant in
form to Lˆ transforms. Since dτ = dT for constant spatial coordinates, τ is
the time on a clock moving with the frame.
This derivation has depended on a physical visualization so that we as-
sume that differentials that represent physical time and radial distance must
have Mˆ metric for their time and distance differentials and an extended
Lorentz transform Lˆ to other colocated physical differentials of time and
distance on a frame moving at a velocity V . We will call such differentials
physical coordinates. Time and distance coordinates that do not have these
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relations will not be physical; one or the other may be physical, but not
both unless they have a Mˆ metric.
The extended Lorentz transform Lˆ can be written in a symmetric form
using dTˆ ≡ cdT and Vˆ ≡ V/c with the velocity in the R direction (as it will
be in a homogeneous and isotropic (FLRW) universe):
dTˆ ∗ = γ(+dTˆ − Vˆ dR), lt5 (21)
dR∗ = γ(−Vˆ dTˆ + dR). (22)
In general for a varying c, Tˆ is not a transform from T alone, although,
as we have shown in eq 21, we can use the construct dTˆ = cdT to describe
the Lˆ transform. In a FLRW universe for events in the radial direction
measured by the variables (t, χ), if c is variable, it is a simple function of t
since homogeneity in space makes it independent of χ. In this case tˆ can be
a transform from t alone.
3 Extended SR particle kinematics
sr
In this section I will outline the way vectors and tensors can be defined
when the light speed is variable. In Cartesian coordinates, let dx1, dx2, dx3 =
dx, dy, dz, and dx4 = dTˆ = cdT . The Mˆ metric then becomes
ds2 = ηµνdx
µdxν , sr1” (23)
where ηµν = (−1,−1,−1,+1) for µ = ν, and zero for µ 6= ν. The velocity
x˙µ is dxµ/dTˆ = V µ/c with x˙4 = 1. (The dot represents the derivative with
respect to dTˆ ). The world velocity becomes
Uµ = dxµ/ds = γx˙µ. (24)
x˙µ and Uµ are therefor dimensionless. In order to make the rest mass energy
constant, we define mˆ = mc2 and the extended energy-momentum vector as
Pµ = mˆUµ = mˆγx˙µ, sr2 (25)
so that P 4 = mˆγ = E. If p is the magnitude of the physical momentum
(γmV ), the EP vector magnitude is E2 − c2p2 = mˆ2. It has units of energy
rather than momentum or mass.
The Lˆ transform for the components of the EP vector is
E∗ = γ(E − Vˆ pc). sr3 (26)
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For photons, mˆ = 0, so E = hν and p = h/λ = hν/c, and the Lorentz
transform is
ν∗ = γν(1− Vˆ ). sr4 (27)
This is the familiar relativistic Doppler effect.
The force vector becomes
Fµ =
dPµ
ds
= mˆAµ = mˆ
dUµ
ds
. sr5’ (28)
The first three components F i/γ will be the force f i felt by an object of mass
m when the light speed is c; (i represent the three spatial coordinates). In
taking the derivative of P i, we are implying that mcd(γV/c)dT is more funda-
mental in determining the physical force than md(γV )dT when the light speed
is variable. We can express the gravitation force in the usual way as mgi,
where gi = Aic2/γ. cF 4/γ is the rate of work f iV i required to change the
rate of change of energy d(γmˆ)/dT . All these world vectors are invariant to
the Lˆ transform and the Mˆ line element. They become the usual vectors
when c is constant.
4 Extended analytical mechanics
We will next show how the Euler-Langrange equations apply to extended
particle kinematics[8]. For a mechanical system with conservative forces in
(n+1)-dimensional space whose differentials are (dxi, dTˆ ), the action S is
S =
∫
Lˆds. (29)
Minimizing S gives relations for Lˆ, the Lagrangian. With no force acting,
we will use
Lˆ = mˆ
√
ηµνUµUν , (30)
so the momenta are
Pµ =
∂Lˆ
∂Uµ
=
mˆηµνU
ν√
ηµνUµUν
. (31)
The root in this equation has the value 1 which makes it possible to solve it
for Uµ
Uµ =
ηµνPν
mˆ
√
ηµνUνUν
=
Pµ
mˆ
, (32)
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consistent with eq 25.
So,
UµPµ =
ηµνPµPν
mˆ
. (33)
The Hamiltonian Hˆ becomes
Hˆ = −Lˆ+ UµPµ = −
√
ηµνPµPν +
ηµνPµPν
mˆ
. (34)
Let p ≡√ηµνPµPν = mˆ, so
Hˆ =
p2
mˆ
− p (35)
Thus Hˆ vanishes, but its derivative with respect to Pµ does not:
Uµ =
∂Hˆ
∂Pµ
= 2
ηµνPµ
mˆ
− η
µνPµ
p
=
Pµ
mˆ
(36)
dPu
ds
= − ∂Hˆ
∂xµ
= 0, (37)
Pµ is conserved since we have considered no force acting.
5 Extended stress-energy tensor for ideal fluid
gr
An ideal fluid can be treated in a similar way. It is a collection of n
particles per unit volume of mass m. We can form a rest energy density
function ρˆ = nmˆ. In this case, ρˆ is not constant because n is a a function of
time and distance. We will use t instead of T to indicate that we are initialy
limiting this analysis to c being a function of t. This can be transformed to
other frames by a Lˆ transform. It turns out that ρˆ using dtˆ and uµ = V µ/c(t)
has much the same properties as ρ = nm using dt and V µ with constant c.
The conservation law for particles in nonrelativistic terms for n flowing
at a velocity V i = cui is
∂n
∂tˆ
+ nui,i = 0. (38)
where we have assumed that the differential of c with distance is zero. For
the conservation of energy we must include the stress forces tijdAj operating
on the area of the differential volume, like the pressure p where tij = pδij .
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We can convert the area stress forces by Gauss’ theorem to a volume change
in momentum to give a total 3D energy flux of cP i, where
P i = ρˆui + ujtji. (39)
The conservation of the fluid rest energy (ui = 0) then becomes
∂ρˆ
∂t
+ div(cP i) = 0, (40)
or
∂ρˆ
∂tˆ
+ P i,i = 0. if2 (41)
The Newtonian law linking the rate of change of the generalized velocity
ui = dx
i
dTˆ
to the force per unit volume f i in nonrelativistic terms can be
written as
ρˆ
dui
dtˆ
= f i (42)
We can follow through the steps in any of the standard texts [8] to obtain
the generalized stress-energy tensor of an ideal fluid in its rest frame to be
T µν = Tµν =


p 0 0 0
0 p 0 0
0 0 p 0
0 0 0 ρˆ


.
if4 This is used in Sect 8.
This can be generalized for a frame moving at a world velocity Uµ:
T µν = (ρˆ+ p)UµUν − pηµν . sr5 (43)
One can see that this is the same tensor since in the rest frame of the fluid
Tˆ = tˆ, U i = 0, U4 = 1.
The divergence of the stress-energy tensor is the force per unit volume:
T µν,ν = F
µ (44)
The conservation of rest energy density (eq41) can then be written:
Fµ = T µν,ν = 0. (45)
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6 Extended electromagnetic vectors and tensors
em
We will assume that the light speed that appears in electromagnetic
theory (E/M) is the same as appears in relativity theory. If it were not
so, it would be a remarkable coincidence if they were the same today, but
different at other times. The E/M light speed obeys the relation
c2 = 1/ǫ0µ0, (46)
where ǫ0 and µ0 are the electric and magnetic “constants” of free space,
resp. If c is variable, then either ǫ0 or µ0 or both must vary.
Current measurements with atomic clocks ([9], [10]) have achieved an
accuracy that indicate the frequency of atomic spectra do not change with
time. Of course, when measured on a frame moving at a different velocity or
in a gravitational field, frequency does change. There are also astronomical
indications of a variation in αF [11], but these are much smaller than would
occur if c(t) changed as calculated in Ref [16]). On an inertial frame, this
means that the fine structure constant αf and the Rydberg constant R∞c
(expressed as a frequency) do not change with c(t).
The fine structure constant αf in SI units [12] is
αf =
e2
4πǫ0h¯c
, d9 (47)
and the Rydberg frequency is
R∞c = α
2
f
mec
2
4πh¯
=
e4me
ǫ20(4πh¯)
3
. d10 (48)
Because αF is dimensionless, the 4πǫ0 is often omitted in the fine structure
constant since it is unity in Gaussian coordinates, but it is essential here if
we are to consider a variable c(t) for the universe.
For these to remain constant while keeping e, h¯ and mc2 constant re-
quires that
ǫ0(t)c(t) =
1
µ0(t)c(t)
≡ k = ǫ(t0)c(t0), a constant. d11 (49)
1/k =
√
µ0/ǫ0, the impedance of free space. This assumption means that
the electrostatic repulsion f between two electrons will vary:
f = − e
2
ǫ0R2
. d9’ (50)
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Maxwell’s equations in 3D vectors in the rest frame of FLRW with a
constant speed of light [13] are
curlE + ∂B∂t = 0,
curlH − ∂D∂t = J,
divD = σ,
divB = 0,
divJ + ∂σ∂t = 0.
d12 (51)
Scaler φ and vector A potentials can be introduced such that
B = curlA,
E = −gradφ− ∂A∂t ,
d13 (52)
and the equation for the force on a particle with charge q, mass m, and
velocity V is (see [8, p118])
m
d(γV )
dt
= q(E + V ⊗B) d14 (53)
With the use of tˆ and eq 49 and with the relations D = ǫ0E,B = µ0H
for free space, these can be converted to exactly the same equations by
replacing t by tˆ and by replacing the field variables by hat variables so
that the partial time derivatives of hat variables do not include ǫ0, µ0, or
c except in combinations equalling k, a constant. This is accomplished by
the following: Bˆ = kB = Hˆ = H/c, Dˆ = D = Eˆ = ǫ0E, σˆ = σ, Jˆ = J/c,
Aˆ = kA, φˆ = cφ/k, and qˆ = q. Thus, with hat variables and tˆ, Maxwell’s
equations have only two fields Eˆ, Hˆ with no varying coefficients.
curlEˆ + ∂Hˆ
∂tˆ
= 0,
curlHˆ − ∂Eˆ
∂tˆ
= Jˆ ,
divEˆ = σˆ,
divHˆ = 0,
divJˆ + ∂σˆ
∂tˆ
= 0.
d12 (54)
The potential equations become
Hˆ = curlAˆ,
Eˆ = −gradφˆ− ∂Aˆ
∂tˆ
,
d13 (55)
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Since they have no coefficients that vary with time, they are Lˆ covariant
to frames with dTˆ replacing dtˆ just like the original Maxwell’s equations.
Thus, they are valid in every moving frame whose physical time is T .
With Vˆ = V/c, and mˆ = mc2, The pondermotive equation 53 becomes
mˆ
d(γVˆ )
dTˆ
=
q
ǫ0
(Eˆ + Vˆ ⊗ Hˆ). 6 (56)
These all become the usual expressions when the speed of light is constant
c = 1.
E/M world vectors and tensors can be constructed in the usual way[8].
Thus, the extended covariant potential vector is φˆµ = (Aˆi,−φˆ), the extended
charge vector Γˆµ = (Jˆ i,−σˆ), and the extended covariant E/M field tensor
is
Fˆµν =


0 −Hˆ3 +Hˆ2 −Eˆ1
+Hˆ3 0 −Hˆ1 −Eˆ2
−Hˆ2 +Hˆ1 0 −Eˆ3
+Eˆ1 +Eˆ2 +Eˆ3 0


.
The field tensor can be obtained from the curl of the potential vector
Fˆµν = φˆµ,ν − φˆν,µ , sr7 (57)
and Maxwell’s equations become the divergence of the field tensor equaling
the charge vector [8, p113]:
Fˆµν,ν = −Γˆµ. sr8 (58)
The pondermotive equation for a particle of charge q and mass m becomes
a force vector equaling mˆ times an acceleration vector:
q
ǫ0
Fˆµν Uˆ
ν = −mˆηµν dUˆ
ν
ds
. sr9 (59)
The SR stress-energy tensor is
T µν =
1
ǫ0
[Fµλ F
νλ − 1
4
ηµνFµσFσν ] (60)
For GR with curvilinear coordinates, the stress-energy tensor is
T µν =
1
ǫ0
[Fµλ F
νλ − 1
4
gµνFµσFσν ] (61)
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The dimensions of Eˆ,Hˆ, and Fµν are electric charge per unit area, whereas
for T µν it is energy per unit volume. Because of ǫ0, both the force and
the energy density are dependent on c(t) just like the force between two
electrons (eq 50).
7 The extended metric for a homogeneous and
isotropic universe
FLRW
We assume that the concentrated lumps of matter, like stars and galaxies,
can be averaged to the extent that the universe matter can be considered
continuous, and that the surroundings of every point in space can be assumed
isotropic and the same for every point.
By embedding a maximally symmetric (i.e., isotropic and homogeneous)
three dimensional sphere, with space dimensions r, θ, and φ, in a four dimen-
sion space which includes time t, one can obtain a differential line element
ds [14, page 403] such that
ds2 = g(t)dt2 − f(t)
[
dr2
1− kr2 + r
2dθ2 + r2sin2θdφ2
]
, (62)
where
r =


sinχ, k = 1,
χ, k = 0,
sinhχ, k = −1,
2” (63)
k is a spatial curvature determinant to indicate a closed, flat, or open uni-
verse, resp., and
dχ2 ≡ dr2/(1− kr2). (64)
We let a(t) ≡
√
f(t) be the cosmic scale factor multiplying the three
dimensional spatial sphere, so that the differential radial distance is a(t)dχ.
The g(t) has normally been taken as g(t) = c2 = constant, so that c is the
constant physical light speed and t is the physical time on each co-moving
point of the embedded sphere. In both cases by physical, we mean that their
value can represent measurements by physical means like standard clocks
and rulers, or their technological equivalents. In order to accommodate the
possibility of c(t) being a function of time, we make g(t) = c(t)2. The
resulting equation for the differential line element becomes a generalized
FLRW metric:
ds2 = c(t)2dt2 − a(t)2[dχ2 + r2dω2], 1 (65)
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where dω2 ≡ dθ2 + sin2θdφ2. For radial world lines this metric becomes
Minkowski in form with a differential of physical radius of a(t)dχ.
It will be convenient to introduce the time related quantity tˆ, which we
will call a generalized cosmic time, defined by
tˆ ≡
∫ t
0
c(t)dt, (66)
t =
∫ tˆ
0
dtˆ
cˆ(tˆ)
, 3’ (67)
where cˆ(tˆ) = c(t), and where the lower limit is arbitrarily chosen as 0.
The line element then becomes
ds2 = dtˆ2 − a2(dχ2 + r2dω2). 3” (68)
It should be emphasized that tˆ itself is a legitimate more general coor-
dinate that makes the metric of FLRW satisfy the Cosmological Principle;
the physical time t is a transform from it. tˆ and its transform to t allows for
the physics to apply to a variable light speed.
8 Extended GR field equation
FE
We assume the standard action of GR without any non-standard addi-
tions that some have used to produce the variable light speed[6]. We allow
the metric that determines the curvature tensor to introduce the varying
light speed. This will create a relationship between the varying light speed
and the components of the stress-energy tensor. In order to use the standard
GR action, we assume that G/c4 ≡ Gˆ is constant. This is needed to keep
constant the Newtonian energy −Gm1m2R when the rest energy of mass is
mc2. We also assume that Λ is constant, possibly representing some kind
of vacuum energy density. We then use the Lagrangian Lse of the extended
stress-energy tensor
S =
∫ √−g(R − 2Λ + 16πGˆLse)d4ξ. (69)
where R is the Ricci scalar for the metric
ds2 = gµνdξ
µdξν , (70)
and g is the determinate of gµν . Minimizing the variation of S with gµν , we
get the extended GR field equation:
Gµν + Λgµν = 8πGˆTµν . d5 (71)
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9 Extended GR for homogeneous and isotropic
universe
We will now apply this field equation to an ideal fluid of density ρ and
pressure p in a homogeneous and isotropic universe for which the extended
FLRW line element in the variables t, r, θ, φ is (eq 65):
ds2 = c(t)2dt2 − a2( dr
2
1− kr2 + r
2dθ2 + r2cos2θdφ2). d5’ (72)
As ds is written in eq 72, the components of Gµν will contain first and
second derivatives of c(t). In order to find a solution to the field equation
we will transform the time variable t to ξ4 = tˆ. This will not change the
relation of Gµν to Tµν , but will eliminate the derivatives of c(t) in Gµν and
transform Gµν to a known solution. For a perfect fluid of pressure p and
mass density ρ, we can define ρˆ ≡ ρc2 so that ρˆ obeys the same conservation
and acceleration laws using dtˆ as does ρ using dt (Sect 5). Both Gµν and
Tµν are Lˆ covariant, so that the equivalency principle is maintained. We can
then write the two significant field equations [15, page 729] for a(tˆ) as
3a˙2
a2
+
3k
a2
− Λ = 8πGˆρˆ, d6 (73)
and
+2
a¨
a
+
a˙2
a2
+
k
a2
− Λ = −8πGˆp, d7 (74)
where the dots represent derivatives with respect to tˆ. All variables (in-
cluding tˆ and a) are in standard units. Eq 73 can be solved to give a as a
function of tˆ.ρ, k, and Λ. When we know c(tˆ), we can obtain the observables
a(t) and c(t) by transforming tˆ back to t. Solutions of these equations are
carried out in [16] for a particular c(tˆ).
Now, eq 73 can be multiplied by a3/3, differentiated, and subtracted
from a˙a2 times eq 74 to give
d
dtˆ
(Gˆρa3c2) = −3G
c4
a˙a2p, d8 (75)
For small p,
Gˆρa3c2 = constant d8’ (76)
If the energy density consists of n particles per unit volume of mass m, so
ρ = nm, then the conservation of particles requires na3 be constant (for
15
small velocities). This makes
Gm
c2
= constant. d8” (77)
This is consistent with our starting assumption.
With constant Gˆ, this has the same form as for c = 1 and constant G.
10 Summary
We have here extended special and general relativity to include any variable
light speed c with a minimum of changes. The extended Lorentz transform
and extended Minkowski line element ds are derived from the assumption
that all moving observers at the same space-time point measure the same
light speed, even though it may be variable. The physical time T often
appears in the combination of cdT , so it convenient to use a differential con-
struct dTˆ in place of dT where dTˆ = cdT . We postulate that the rest mass
m of a particle varies so as to keep constant the rest mass energy mˆ = mc2.
With the use of dTˆ and mˆ in particle interactions, we can generate SR veloc-
ity, energy-momentum, and force vectors whose components are covariant
with the extended Lorentz transform. A covariant stress-energy tensor T µν
for an ideal fluid whose rest energy is conserved can also be generated with
dTˆ and constant mˆ. A transform of electromagnetic (E/M) field variables
assuming a constant fine structure constant and Rydberg frequency allows
Maxwells equations and all the vectors and tensors of E/M theory to be
preserved. From the assumption of a universe that is homogeneous and
isotropic in space we can generate an extended FLRW metric allowing for
c(t), where t is the cosmic time appearing in the FLRW line element ds.
We use the standard action for General Relativity, but use extended stress-
energy tensors and allow c,G to vary. However, we assume G/c4 ≡ Gˆ is
constant in order to keep the Newtonian gravitational energy from varying
with c(t). This also keeps constant the proportionality ratio in the field
equation Gˆ. For systems in which c is a function of the physical time t, we
can use the a generalized time tˆ =
∫
c(t)dt in the reduced curvature tensor
Gµν of the GR field theory and avoid having to introduce the first and sec-
ond derivatives of c(t). In addition we can use all the relations between the
curvilinear coordinates previously found for a constant c = 1. We apply this
to an ideal fluid in a homogeneous and isotropic universe, using sn extended
FLRW metric, which yields equations for the scale factor a(tˆ) of the uni-
verse in terms of tˆ. For a particular c(tˆ), these can be found as a function
of observable time t by the transform back from tˆ.
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